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Is Mathematics Special?

« How is mathematics different from other
enquiries?

A mathematician is said to have answered,
when asked whether he believed in God:

“Yes, up to isomorphism.”

* S0 It's something to do with structure, form
or shape
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We naturally turn to:

Hilbert Too many experts present!

Bourbaki Goes against our practice-oriented
grain

« Resnik Both pre-occupied with ontology

+ Shapiro rather than practice




 Resnik, M. Mathematics as a Science of
Patterns (Oxford: Clarendon, 1997)

« Shapiro, S. Philosophy of Mathematics:
Structure and Ontology (New York: OUP,
1997)

Both directed at established mathematical
knowledge rather than mathematics in the
making.
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Claim

Pattern, form, structure and (generally)
shape have roles in mathematical practice
(and, arguably, in mathematical practice
only) that escape the attention of
ontologically-focused structuralisms

(But may contribute to the plausibility
of these views)
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Speculative Corollary

If these heuristic uses of structure really
are unigue to mathematics, they may ofter
a clue to its unique epistemological status.




[La révolution
symbolique

Drawing on Serfati:

Shapes in notation
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Two sorts of case

o Substitution
 Extension

There are lots of others...




A case of substitution:

Leibniz’s general product formula

(x+ y)" =x"y" +nx""y + n(’;;l) X"y Xy
p"(x+y)=p"xp’y+np"xp'y+ n(;l;) p"xp’y+...+ p'xp"y
n(n—l)

d"(xy)=d"xd’y +nd"'xd'y + d"xd’y+..+d’xd"y

1.2
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There are structural analogies in natural science

Rutherford ‘planetary’ model of lithium

...but in the notation ?




Seven Extensions
. Factorial of a positive real number

. Exponential of a complex number or
sguare matrix

. Trigonometric functions of complex
numbers

. Matrix pseudo-inverses

. Derivative of a non-differentiable function
. Derivative of a function on normed

vector-spaces
. Union and intersection of r-partitions

Hertfordshire ' H



Case 1: Factorial of a positive
real number

* How can n! mean anything unless nis a
natural number?

» Ask Euler!
* nl=n.(n-1)!

100 =xl1{x~1)




[(x)= nlimeo

[ 1.2..(n-1) )

X

n

\x.(x+1)...(x+ n —1) )

...which satisfies the functional equation and
equates to x! when x is a natural number
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Case 2: Exponential of a complex
number or square matrix (Euler again)

g‘”b'ﬁ a, b both real
2 n
. X X X
e =1+—+—+...+—+..
I 2! n!

et —14. 8 +b'F + (a+b'F)Z .+ (a+b'FT +...

1! 2 n!

...then treat complex numbers as square matrices




Case 3: Trigonometric functions
of complex numbers (still Euler)

Cos(a + bl — 1) a, b both real

(1) (as+b4=1)"
cos(a +b. \/7) Z;? (2n)!
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Case 4: Matrix pseudo-inverses

Can we give a sense to A" when A is not
invertible?

Yes, and there are several options (unlike
In physics...)

All coincide with the usual inverse in the
case of invertible matrices




Moore-Penrose pseudo inverse

Four trivial identities for invertible matrices:
AATA=A
ATAAT= A
(AAT)* = AA-
(ATA)* = ATA
Become the definition of the pseudo-inverse
(* Is the adjoint)
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Moore-Penrose pseudo inverse

Penrose proved that for every matrix A there
IS a unique matrix X such that:

AXA = A
XAX = X

(AX)* = AX
(XA)* = XA




Another pseudo-inverse

Provide the vector space of matrices with
a norm. Note that if a square matrix is
invertible, its inverse is the unique matrix B

such that:
|AB—1|=0

Again, we take a trivial identity in the
original case, and make it the definition of

the extension.
e § 4




Another pseudo-inverse

Now let A be any complex matrix. The
right-hand pseudo-inverse is the unique
matrix B such that:

|AB—1|| is minimal

Note how this reduces to the
original case (=0), and proving
uniqueness is again the hard part
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Case 5: Derivative of a non-
differentiable function

* |Integration by parts plays the role of the
‘bridge’

» Thus differentiation is extended to locally
integrable functions

 Laurent Schwartz won a Fields medal for
it...
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Case 6: Derivative of a function

on normed vector-spaces

The derivative is originally conceived at
the limit of a quotient:

J ()= f(a)

X—d

f(x) = xlima
But vectors don’t form quotients... so:

fla+h)= f(a)+ f'(a)h+o(|h))
e § 4




Case 7: Union and intersection
of r-partitions

Enough already!




There are cases of pattern-completion in natural science:

Dobereiner's triads Known to Mendeleev Unknown to Mendeleev

H
1.01

He Li Be B Cc N O F
4.00 6.94 9.01 10.8 120 | 140 16.0 19.0

Ne Na M Al Si P S Cl
202 230 24, 27.0 281 310 321 355
Ar K Ca Sc Ti Vv Cr Mn| Fe Co Ni
40.0 391 401 450 479 509 520 549| 559 589 587

Cu Zn Ga Ge| As| Se Br
835| 654| 697| 726] 749]| 790 | 799

Kr Rb Sr Y Zr Nb Mo Tc| Ru | Rh Pd
838 | 855 | 876 | 889 | 912 | 929 959 (@9)| 101 103 106
A% Cd In Sn Sb| Te |
10 112 115 19] 122] 128 127
Xe Ce Ba La Hf Ta w Re| Os Ir Pt

131 133 137 139 179 181 184 180| 194 192 195

Au Hq Ti Pb| Bi| Po | At
197 | 20 204 | 207| 209 210) | (210)

Rn Fr Ra Ac Th Pa U
(222) | (223) | (226) | (227) | 232 | (231) | 238

But without the mathematician’s latitude

(recall the choice of pseudo-inverses)
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